Lecture 14 : Adders

CSCI 5330
Digital CMOS VLSI Design

Instructor: Saraju P. Mohanty, Ph. D.

NOTE: The figures, text etc included in slides are borrowed
from various books, websites, authors pages, and other

sources for academic purpose only. The instructor does
not claim any originality.
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Outline

o Carry-Ripple Adder

o Carry-Skip Adder

e Carry-Lookahead Adder
o Carry-Select Adder

o Carry-Increment Adder
 Tree Adder
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Single-Bit Addition

Half Adder Full Adder
A

B
A B
_ S=A®Ba®C
STAUE C,,. = MAJ(A,B,C C‘““éc
Cout — ADB out out ( 1 = ) s

> A B [C [Cu]S
A B C..|s 0 0 0 0) 0
0 0 1 0 1
S RS O 0 1 [0 o |1
o |1 10 |1 0 1 [1 |1 Jo
1 0 0 1 1 0 0 o) 1
1 1 1 0 1 0 1 1 0
1 1 0 1 0
1 1 1 1 1
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PGK

e For a full adder, define what happens to carries

— Generate: C_,, = 1 independent of C
- G=A+B
— Propagate: C_,,=C
- P=AO®B
— Kill: C,,; = 0 independent of C
« K=~A+~B
Dept. of Comp. Sc. & Eng. CSCI 5330 : Digital CMOS VLSI Design UNIVERSITY,f

NORTH IEXAS



Full Adder Design |

 Brute force implementation from eqgns
S=A®B®C

C..=MAJ(A,B,C)

A— b— A

A B~ J= J-8

8 s e Thc ——

) ) s A## B
5[ I e L A

Al B B[
A— —A I
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Full Adder Design |

* Factor S interms of C_,
S=ABC+(A+B+C)(~-C,,)
 Ciritical path is usually C to C_ , In ripple adder

,,,,, MINORITY
A —+ ~—L f #
B i — s g
C — —4t—

[
O
[ B |
0]
0]

U

1
L

ﬂb Cout
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Full Adder Design lI

« Complementary Pass Transistor Logic (CPL)
— Slightly faster, but more area
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Full Adder Design IV

e Dual-rail domino
— Very fast, but large and power hungry
— Used in very fast multipliers

%
c_hj ihﬁE #> Cou ¢#E E ©> Cou!

cl—| Al
A_l—{|B_I—|B_I—
<7

s_|<<i]o jPAT5#E c[:;>8_h
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Carry Propagate Adders

il

 N-bit adder called CPA

— Each sum bit depends on all previous carries
— How do we compute all these carries quickly?

A B
ql/...l N...1 Cout Cin Cout Cin
Y @60(@/ (]51/11@‘/ carries

C_ . M C, 1111 1111 A,

+0000 +0000 B, ,

1111 0000 s, ,
SN...l
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Carry-Ripple Adder

o Simplest design: cascade full adders
— Critical path goes from C,, to C_,,
— Design full adder to have fast carry delay

A, B, A, B, A, B, A B,
C | >1< >1< | C
out | | | | in
CB\[/ CZV C1
S, S, S, S,
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Inversions

 Critical path passes through majority gate
— Built from minority + inverter
— Eliminate inverter and use inverting full adder

A, B, A, B, A, B, A B,
I
Cout A I\ — Cin
C3 CZ Cl
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Generate / Propagate

e Equations often factored into G and P
 Generate and propagate for groups spanning I

Gi:j — Gi:k T Pi:k u Gk—lrj

Pi:j — Pi:k i Pk—l:j
 Base case
G.=06G, =A B, Gy =6, =Cy
P.=F=A®B5, Pog = P =0
e Sum:
S; =P ® G,
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PG Logic

A4 B4 A3 BS AZ BZ Al Bl Cin
1: Bitwise PG logic
JUUDUOUU | & .
G, |P, G, |P, G, |P, G, |P; G, |P
4 R
2: Group PG logic
\_ G3:0 G2:0 G1:0 GO:O Y,
C C C C
1T s L C 2 1L C v 1L 0 3: Sum logic
C4
| | | | |
C S S S S

UNIVERSITY,
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Carry-Ripple Revisited
G =G +R UG 4

LA B, A B

A4 B 2 2 Al Bl Cln
(iU ﬂUUU @U &
G4 I:)4 G3 P3 GZ PZ Gl Pl GO PO
4 )
L G0 G, G,y Goo )
TS % % %
C4
\ \ \ \ \
Cout S4 SS SZ S
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Carry-Ripple PG Diagram

t

ripple

Dept. of Comp. Sc. & Eng.

Bit Position

-
(1514131211109876543210)

=1, + (N -Dt,, +t,, o

|15:O 14:0 13:0 12:0 11:0 10:0 9.0 80 7:0 6:0 5.0 4.0 3:.0 2:0 1:0 0:0
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PG Diagram Notation

Black cell Gray cell Buffer
Ik k-1 Lk k-1 N

i N
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Carry-Skip Adder

o Carry-ripple is slow through all N stages

o Carry-skip allows carry to skip over groups of n
bits
— Decision based on n-bit propagate signal

Aa‘ms Ea‘ms "A&zg 81‘29 "Aés BTS ATl BTl
P16]3 I:)129 P85 I:)4:1
CQI 1 I I Cl2 1 I I % 1 I I I
0 0 0
Siarg Sipg s
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Carry-Skip PG Diagram

(161514131211109876543210)

o | | | o | |

uil uil uil
ufl uil uil

N |
T N | n |
N | N |

'

16:0 15:0 14:0 13:0 12:0 11:010:0 9:0 80 7:0 60 50 40 3:0 2.0 1.0 0:0

For k n-bit groups (N = nk)
tyo =tog +| 2(N—1) + (k1) Jt,o +t,,
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Variable Group Size

(161514131211109876543210)

7 N N
il 1§ "
"

16:0 15:0 14:0 13:012:0 11:010:0 90 80 7:0 60 50 40 30 2.0 1.0 0O
Delay grows as O(sqrt(N))
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Carry-Lookahead Adder

» Carry-lookahead adder computes G,, for many
bits in parallel.

 Uses higher-valency cells with more than two
Inputs.

A_rm '%‘ms "A&zg 81‘29 "%5 BTs Ay By

|
CEC:FG!BB 9\;@?%9 %(Feés CECEGM
| P16'13 ] P129 i Pas i P4:1
| y | | y | | y | | y | ]
\ o+ \ o+ \ o+ + |C,

Siar3 Sizg s Su
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CLA PG Diagra

m

(1615141312111098765

£

G

¢

Do

16:0 15:0 14:0 13:012:0 11:010:0 9.0 80 7.0 60 50 40 3:0 20 1.0 00
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Higher-Valency Cells

Gi'k
' G.
ok kLil-lm medj ik V\DD g
k-1:1
m-1;]

I-1:m
N B

oo

[-1:m

O_U o

o

UK%]

m-1;]
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did:| Carry-Select Adder

 Trick for critical paths dependent on late input X
— Precompute two possible outputs for X =0, 1
— Select proper output when X arrives

o Carry-select adder precomputes n-bit sums

— For both possible carries into n-bit group
A16:13 B16:13 A]2:9 BlZ'Q AB:5 BS:S A4:1 B4:1

}o
RN

go
‘ﬁ; F+<
\\V\
e
J
\\V\
|—\Ooo
‘ﬁ; r+<

S‘16:13 S129 8&5 S4:1
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Carry-Increment Adder

 Factor initial PG and final XOR out of carry-
select

(1514131211109876543210)

e | | wl | | el || e

13;12 9:8 5:4

14'12{ 10'8{ 6'4{ [f

15:12 11:8 74

e
e

L L)

15:0 14:0 13:0 12:0 11:0 10:0 90 80 7:0 6:0 50 40 3.0 2.0 1.0 00

1:increment = tpg +|:( n _1) T (k _1):|tAO +t><or
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Variable Group Size

(1514131211109876543210)

o Also buffer m S 5 %f
§

12:11 8:7 5:4

noncritical m o

13:11 9:7 6:4

signals Lo a L S

15:0 14:0 13:0 12:0 11:0 10:0 9:0 80 7:0 6:0 50 4.0 3:0 2.0 1:0 0:0

(1514131211109876543210)

12:11{ 8:7{ 5.4{ 3:2 g
m m | |

13:11 9:7 6:4 3:

'S | v o
? v oo

Twaww www

15:0 14:0 13:0 12:0 11:0 10:0 9:0 80 7:0 6:0 50 4.0 3:0 2.0 1:0 0:0
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Tree Adder

 |If lookahead Is good, lookahead across
lookahead!

— Recursive lookahead gives O(log N) delay
« Many variations on tree adders
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Brent-Kung

(151413121110987 6 5 4 3 2 10)

15:14 13:12 11:10 9:8 7:6 5:4 3:2 1:0
15:12 11:8 7:4 3.0
15:8 7:0
11:0
13:0] ] 9:0 | ] 5.0 | ] |

15:014:013:012:011:010:0 9:0 80 7:0 6:0 5.0 4.0 3:0 220 1:0 00
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Sklansky

(15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0)

15:14 13:12 11:10 9:8 76 54 3.2 1.0
15:12| 14:12 11:8| 10:8 74| 64 30| 20

15:8| 14:8] 13:8] 12:8

15:014:013:012:011:010:0 9.0 80 7.0 60 50 40 3.0 20 1.0 0O
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Kogge-Stone

(15 14 13 12 11 10 9

8 7 6 5 4

3

2

15:12

15:8

14:11

14:7

13:10
P

13:6

I

12:11

12:9

?

12:5

]

11:10

10:9

?

9:8

9:6

8:7

85

A
?

N ELENN

9:2

AL R N AN N AR E

| S
—

8:1

EREEEEEEEEEEEN

7:6 6:5 54 4:3 3.2 2:1 1.0
/
|
70| 60| 50| 40| | | | |
11— |
—————— |

——
——
——]
_/

Y Y

15:014:013:012:011:010:0 9.0 80 7.0 6.0 5.0 40 3.0 20 1.0 00
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Tree Adder Taxonomy

» |deal N-bit tree adder would have
— L=Ilog N logic levels
— Fanout never exceeding 2
— No more than one wiring track between levels

« Describe adder with 3-D taxonomy (I, f, t)

— Logic levels: L+ |
— Fanout: 21+ 1
— Wiring tracks: 2!
 Known tree adders sit on plane defined by
|+ f+t=1L-1
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Tree Adder Taxonomy

| (Logic Levels)

3(7)

f (Fanout) Brent-Kung
Sklansky 2 (6)
0(2
O— Yo
O et

Kogge-Stone
3(8)

\J

t (Wire Tracks)
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Han-Carlson

(15 14 13 12 11 10 9 8 7 6 5 4 3 2 1
" A B2 B2 A B A Ak
15:14 % ﬂ 9:8 } 54 } }
15:12 13:10/}:8/&/ﬂ/}2/ﬂ//
I e e B B e I o B
BN N N N \/
15:8 13:6 11:4 9:2 /%/ :5,% B

15:014:013:012:011:010:0 9.0 80 7.0 6:0 50 4.0 3.0 2.0 1.0 00
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Knowles [2, 1, 1, 1]

(15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0)

ENREEEEEEEEEEN

15:14| 14:13| 13:12| 12:11| 11:10] 10:9 9:8 8:7 7:6 6:5 5:4 4:3 3:2 2:1 1.0
EE N EEENENEEEEL .
15:12| 14:11| 13:10| 12:9| 11:8| 10:7 9:6 8:5 7:4 6:3 5:2 4:1 3.0 2:0

I e e e e |
]

15:8| 14:7| 13:6| 12:5| 11:4| 10:3 9:2 8:1 7:0 6:0 5:0 4:0

/ /

VYV

15:014:013:012:011:010:0 9:0 8:0 7:0 5:0 4.0 3:.0 2.0 1:0 0:0

|
| /
////

I
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Ladner-Fischer

(15 14 13 12 11 10 9 8 7 6 5 4 3 2 1
vl A BA A A BvA BvAanl
15:14 13:12 11:10 9:8 7:6 54 3:2 1.0
"SIV SEERVARE SRRy \
15:12 11:8 74 3.0
N Y Vi
15:8 13:8 70 5.0
15:8 1& 11& 9& ] ] ] ]

YTV

Y

15:014:013:012:011:010:0 9.0 80 7.0 60 5.0 4.0 3.0 20 1.0 00
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Taxonomy Revisited

(f)Ladner-Fischer

(b) Sklansky (5 ¥ B 2 1 D 9 8 7 6 5 4 3 2 1 w)
(1514 13 12 11 10 9 8 7 6 5 4 3 2 1 0) f
114 fagp | aao 98 s 54 32 10 O
1
1512 2 74 sal 1 o) 20 O | (Logic Lewels) * v v
158 1481 1381 128 Brent-
O O Y
Ladner- :
[15:014:013:012:011:010:0 9:0 8:0 7:0 6:0 5:0 4:0 3:0 2:0 1:0 0:0] O Eischer 3@
Ladner-
Fischer 50 140 130 120 110 100 90 80 70 60 50 40 30 20
f (Fanout) O ‘ ‘

Sklansky (a) Brent-Kung

(5 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0)

O wyw ,Mﬁzﬁ,s $' gy
y
[ i uV Ll A\ 4
Dl O JERER)
) 1 9; 7" 5; ]
ﬁr ﬁr

Y
A\
O |15:O14:013:012:011:010:0 9:0 80 7.0 6:0 5:0 40 3.0 2.0 1.0 0:0

o

Carlson

(d) Han-Carlson

O (1514 13 12 11 10 9 8 7 6 5 4 3 2 1 0)

(c) Kogge-Stone O O

(5 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0)

Kogge-
Stone

3 (8)

\ J
t (Wire Tracks)

|15:014:013:012:011:010:0 9:0 8:0 7:0 6:0 5:0 4:0 3:0 2.0 1:0 0:0 |15:014:013:012:011:010:0 9:0 8:0 7.0 6:0 50 4:0 3.0 2.0 1.0 O:Ol
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Summary

Adder architectures offer area / power / delay tradeoffs.

Choose the best one for your application.

Architecture | Classi- Logic Max Tracks | Cells
fication Levels Fanout
Carry-Ripple N-1 1 1 N
Carry-Skip n=4 N/4 +5 2 1 1.25N
Carry-Inc. n=4 N/4 + 2 4 1 2N
Brent-Kung (L-1,0,0) |[2log,N—-1 |2 1 2N
Sklansky (0,L-1,0) |log,N N2+1 |1 0.5 Nlog,N
Kogge-Stone | (0, O, L-1) |log,N 2 N/2 Nlog,N
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